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0 Introduction 

In 1999 Moira Chas and Dennis Sullivan discovered the structure of a graded 
Lie algebra on the equivariant homology of the free loop space of an oriented 
smooth or combinatorial d-manifold [2]. Later Cattaneo, Frohlich and Pedrini 
developed ideas about the quantization of string topology in the framework 
of topological field theory [1]. It is the goal of this paper to study Vassiliev- 
Kontsevitch and skein theory of links in 3-manifolds in relation with string 
topology. Our approach is intrinsically 3-dimensional. It hints towards a gen¬ 
eral deformation theory for a category of modules over the Chas-Sullivan Lie 
bialgebra (see also [3]) of an oriented 3-manifold. But the line of thought will 
not follow the ideas of classical quantization as in [1]. 

Here is the main idea of the paper: For M a 3-dimensional manifold, the 
Chas-Sullivan structure measures the oriented intersections between the loops 
in a I-dimensional family with those in a 0-dimensional familiy (which is just 
a formal linear combination of free homotopy classes of loops). The resulting 
pairing takes values in formal linear combinations of free homotopy classes. It 
is easy to see that the construction extends to eollections of loops. It is our 
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goal to study possible refinements of that resulting extended structure. More 
precisely we ask the following question: What happens if we try to replace 
collections of free homotopy classes of loops in M by isotopy classes of oriented 
links in M ? Note that in physics terms the collections of loops up to homotopy 
represent classical observables while the isotopy classes of links are the quantum 
observables. 

Our main method is transversality of families, which is at the heart of Vassiliev 
theory [21]. We will show that the process of replacing homotopy classes of 
maps by equivalence classes of transverse objects (oriented links in the case of 
0-dimensional homology of the mapping space) naturally deforms the Chas- 
Sullivan type intersection theory into well-known structures in quantum topol¬ 
ogy. Thus our approach provides a weakened version of quantization in the 
category of oriented 3-manifolds in comparison to the deep results for cylinders 
over oriented surfaces due to Goldman [5] and Turaev [20]. Because of the lack 
of a geometric product structure in an arbitrary oriented 3-manifold such an 
extension will not be based on the deformation of algebra structures but the 
structures of modules over the Chas-Sullivan Lie algebra. 

In order to define a natural refinement of the Chas-Sullivan structure, isotopy 
has to be weakened to link homotopy of oriented links in M. Recall that in a 
deformation through link homotopy arbitrary self-crossings are allowed but the 
different components have to be disjoint during a deformation. This equivalence 
relation has first been considered by Milnor in 1952 [16] (also see the recent 
results by Koschorke [13]). But it will turn out that we need additional relations 
naturally resulting from the geometry of the problem. These relations can be 
considered as universal versions of integrability conditions previously considered 
in Vassiliev theory [14], [15]. Formally this defines a universal quotient of the 
free abelian group generated by the set of link homotopy classes of oriented links 
in M by the integrability relations. The relations are parametrized by certain 
immersions with two double points of dinstinct components. The resulting 
group turns out be closely related to a well-known skein module, first studied 
by Hoste and Przytyki in 1990 [6], later by the author in [8]. We will show that 
the difference between the universal quotient and the Hoste-Przytycki module 
is subtle and determined by the chord diagrams of integrability relations. 

In section 1 we state our main results. In section 2 we review the Chas-Sullivan 
string topology and set up the basic definitions of our theory. In section 3 
some results of [8] are reformulated and new results about the structure of 
Hoste-Przytycki skein modules are proven. In section 4 the proof of our main 
theorem 3 (see section 1) is given. In section 5 we study the relation between the 
universal string topology deformation and the Hoste-Przytycki skein module. 
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1 Statement of the main results 

Throughout let i? be a commutative ring with 1 and let e : i? ^ Z be an 
epimorphism of commutative rings with 1. An ii-Lie algebra is a (not neces¬ 
sarily finitely generated) ii-module with a Lie-bracket (which is an i?-bilinear 
operation satisfying Jacobi-identity and antisymmetry). 

Let M be an oriented 3-manifold and let map{S^,M) be the space of con¬ 
tinuous maps from the circle into M (the free loop space of M) with the 
compact open topology. There is the circle symmetry of rotating the domain. 
The corresponding equivariant homology 

rL^{M-R) := Ht{map{S\M);R) 

is isomorphic to the homology of the quotient space of map{S^, M) by the 5^- 
action (string homology). In this paper only the pairings (string interactions) 

71 : 7fi(M; R) ® HoiM; R) Wo(M; R) 

and 

7l : 7fi(M; R) O ?fi(M; R) Hi(M; R) 

are needed. Here yp is a Lie-bracket on the 1-dimensional equivariant homology 
and 7 i equips the i?-module 7io{M;R) with the structure of a module over 
the i?-Lie algebra R). We let 7 := 71 denote the pairing in the case 

R = 'Et. 

The module 7io{M;R) is free with basis the set of conjugacy classes of 7 ri(M). 
It follows from homotopy theory and the results of [2] that for an oriented 3- 
manifold with infinite fundamental group and contractible universal covering, 
7 i and yp are the only possibly non-trivial string topology pairings. For M a 
hyperbolic 3-manifold both pairings are trivial while the string topology pairing 
7 is known to be non-trivial for most Seifert-fibred 3-manifolds (compare [ 2 ], 
and [ 8 ]) for the case of a 3-manifold with boundary). 

The pairing 7 describes interactions of a given loop with the loops in a 1- 
dimensional family. This easily extends to a pairing defined for a collection of 
loops (in particular oriented links) and a 1 -dimensional family. 
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Let C{M) be the set of link homotopy classes of oriented links in M (including 
the empty link 0). In section 2 we will dehne for each 3-manifold M the notion 
of a geometric R-deformation of 7 . This is roughly a quotient module A of 
RC{M) equipped with a pairing 7 ^ : Hi{M]R) ® A A deforming 7 in a 
specihc way based on transversality. For a formal definition compare definition 
3 in section 2. It will be an immediate consequence of definition 2 in section 2 
that 'jA induces on A the structure of an i?-Lie algebra over 7ii (M; R). 

Homotopy skein modules are natural quotients of RC{M) (see [ 6 ], [17], [ 8 ]) for 
suitable rings R. Let R = ^[z]. Then the Hoste-Przytycki module C{M) is 
defined as the quotient of RC{M) by the submodule generated by all linear 
combinations — iL_ — zKq . Here Kq is the oriented smoothing of two links 
K± and the three links differ only in the interior of some oriented 3-ball in M. 



K+ K_ Ko 

Moreover, the crossing arcs of K± in the ball belong to distinct components. 
The skein relations above are called homotopy Conway relations. 

Theorem 1 The Hoste-Przytycki skein module is a geometric R-deformation 
of 7 for R = 7j[z] —> Z defined by z <—■ 0. In particular there is a pairing 

7 oo :7fi(M;i?)®C(M) ^C(M), 

which equips C{M) with the structure of a module over the R-Lie algebra 

ni{M-,R). 


The notation will become clear in section 3. Recall from [ 8 ] (see also [9]) 
that C{M) is free if and only if C{M) is torsion free (if and only if C{M) is 
isomorphic to the free module on a natural basis of standard links). 

Theorem 2 The R-module C{M) is free if and only if the pairing 700 is 
trivial. 

It will be shown in section 3 that the structure of the skein module is inductively 
encoded in a sequence of geometric i?-deformations of 7 . In definition 4 of 
section 2 the notion of a universal geometric R-deformation of 7 will be defined 
in the obvious way. For a given 3-manifold M the universal geometric R- 
deformation is unique up to isomorphism of R-Lie algebras over Ri(M;R). 
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The construction is very similar to skein modules. We give the description at 
first for 8 = id : R = 7 j ^ Z,. 

Consider the set of immersions of circles in M with intersections given by two 
double points of distinct components. We will assume that the unit vectors tan¬ 
gent to the two branches at a double point span a plane in the corresponding 
tangent space of M. By abuse of notation we call these immersions transversal. 
Two transversal immersions are equivalent if they can be deformed into each 
other by ambient isotopy of the 3-manifold and smooth homotopies allowing 
arbitrary self-intersections of components in the complement of the two dou¬ 
ble points. For i = 2,3,4 let /C*(M) denote the set of equivalence classes of 
transversal immersions as above with the double points occuring in i compo¬ 
nents. (Equivalently this can be expressed by saying that the two chords in the 
chord diagrams determined by some immersion in /C*(M) have end points on 
i components). For G 1C'{M) let (**) indicate the two double points and 
let Kq±, K±q denote the four natural resolutions of the two double-points. Let 
iL+o — K-q — iLo+ + Kq- G ZC{M) be the integrability element determined 
by the immersion. The notation follows [15], where those relations appear as 
natural obstructions in the integration of invariants of finite type in oriented 
3-manifolds. The integrability elements from immersions in /C^(M) are trivial 
because iLo+ = .K’o- and iL+o = i^-o holds in this case. 

Let yV(M;Z) be the quotient of ZC{M) by the subgroup generated by inte¬ 
grability elements from all transverse immersions in K?{M). Then W{M]Z) 
is called the Chas-Sullivan module because of the following theorem. Here, for 
the formal definition of universal geometric Z-deformation, compare definition 
4 in section 2. 

Theorem 3 The abelian group W(M; Z) together with a natural pairing 
-fu : Hi(M; Z) ® W{M; Z) ^ W(M; Z). 

is the universal geometric Z-deformation of y. Moreover, W{M;R) := yV(M)(8) 
R together with the obvious tensor product pairing 7 ^ (defined by R-linear 
extension) is the universal geometric R-deformation of y. 

Remark 1 (a) Let D = RC{M)/d = W{M] R)/d' be a quotient of the uni¬ 
versal geometric R-deformation (equivalently the natural projection RC{M) 

D factors through W{M; R) ). Then 7 ^ induces on D the structure of a geo¬ 
metric R-deformation of 7 if and only if the locality condition 

7 f(Ri(M;R) ® d') C d'. 
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holds. This will be satisfied e.g. for all skein module quotients of W{M;R) be¬ 
cause the defining skein relations can be assumed to take place in balls separated 
from intersections with singular tori. 

(b) Assume that M is a 3-manifold such that every essential (i.e. tti- injective) 
torus map is homotopic into dM. Then it follows from the arguments in [8] 
and the construction of 'V\^{M]'L) that is trivial (compare section 4). 

(c) It is possible to extend yz, to a natural ii-Lie algebra structure on the first 

homology module of the quotient of \Jr>Q'niap{\JrS^ ■, M) by 5^-actions and per¬ 
mutations of components. The universal module with respect to the structure 
of a module over this ii-Lie algebra is the module R) defined as the 

quotient of RCiM) by all possible integrability relations (i.e. from immersions 
in JC^{M)UIC\M)). 

Example 1 The Hoste-Przytycki module C{M) is a quotient of yV{M; R) sat¬ 
isfying the locality condition above. In fact, K^q — K^q = zKqq = Kq^ — Kq- G 
C{M) holds {also for all transverse immersions). Thus all integrability elements 
map trivially into C{M). It follows that the natural projection RC{M) C{M) 
factors through yV{M;R). In particular theorem 3 implies theorem 1. 

Example 2 Not all homotopy skein modules are geometric ii-deformations of 
7 : Let £ : R = ^[( 7 ^, z] —> Z be defined by z 1 —> 0, g 1 —> 1. The g-homotopy skein 
module (compare [17]) is defined as the quotient of RC{M) by the relations 
q~^Kj^ — qK- = zKq for crossings of distinct components. In this case not 
all integrability elements are contained in the kernel of the projection of the 
free module onto the skein module. Thus the g-deformed module is not a 
quotient of W{M; R). In fact the element iL+o — i^-o — -|- ILq- maps to 

(g2 - 1)(A:_o - Kq_) (for AT** G 1C^{M)). This is a non-trivial element of the 
skein module in general (see [8] and [17]). Note that according to [8] there are 
relations in the skein module resulting from K?‘{M), which imply the existence 
of torsion in the g-homotopy skein module if 7 ri(M) is not abelian (for details 
see [8]). 

For each commutative ring R with 1, the identy element defines the ring in¬ 
clusion p : Tj ^ R. It induces homomorphisms of abelian groups ZS —> R& 
for each set S. Also there are homomorphisms B ^ B ( 8 )^ R for each abelian 
group B defined by x 1 —> x ( 8 ) 1. This induces homomorphisms of abelian groups 

77i(M; Z) ^ 77i(M; Z) 7? = 77i(M; R) 
using the universal coefficient theorem, and 

W{M; Z) ^ >V(M; Z) 7? = >V(M; R). 
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All the induced homomorphisms are denoted /i*. It follows from theorem 3 
and the definition of universal geometric ii-deformation as given in section 2 , 
definition 3, that there is the commuting diagram: 

Hi (M; R) 0 W(M; R) W(M; R) 

Let C,{M) := C{M) \ {0}. All the constructions of modules, homomorphisms 
and pairings (given in detail in section 2) can be performed by replacing C{M) 
by For each such module A let A, be the resulting reduced module. 

Similar notation applies to homomorphisms and pairings. E.g. recall from [ 6 ] 
that C{M) = C.{M) 0 R where R is the submodule generated by the empty 
link and C.{M) is the reduced Hoste-Przytycki module. 

Because of universality, each geometric i?-deformation A of 7 comes equipped 
with a unique i?-epimorphism W{M;R) A and a corresponding epimor- 
phism of reduced modules R) ^ A,. 

Definition 1 A geometric i?-deformation A (and also the reduced i?-defor- 
mation A.) of 7 with pairing 7^4 is called integral if the integrality homomor¬ 
phism 

PA. ■■ W.{M-R) A. 

is surjective. 

Remark 2 (a) Because the homomorphism ZC.{M) >V.(M;Z) is onto it 
follows easily that a geometric i?-deformation A is integral if and only if the 
composition 

ZC.{M) RC.iM) A. 

is onto. 

(b) For an integral geometric i?-deformation A, it follows from the commutative 
diagram above that the pairing ja. is defined by i?-linear extension in the first 
factor from the geometric Z-deformation given by pA. (and remark 1 (a) above) 
for the abelian group A.. For a non-trivial ring extension R ^ Z this endows a 
reduced integral geometric ii-deformation with an ii-module structure, which 
is compatible with the induced structure of a geometric Z-deformation of 7 . 

By applying the skein relation zKq = Ky — iL_ to a connected sum of a link 
K and a Hopf link (with Kq = K) it follows from remark 2 (a) that C{M) is 
integral. In section 5 the following result is proved; 
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Theorem 4 Suppose that M is a submanifold of a rational homology 3- 
sphere. If Hi{M) ^ 0 then the integrality epimorphism 


is not injective. 


Recall that yV’“'"(M;Z) be the quotient of 'LC{M) by all possible integrability 
relations. In section 5 we will prove the isomorphism = C.{M). 

Combined with remark 1 (c) from above and remark 3 from section 4 it follows 
that the reduced Hoste-Przytycki module is the reduced universal geometric 
Z-deformation of 7 (as module over the extended Lie algebra as described in 
remark 1 (c) ). 

As a by-product of the proof of theorem 2 we construct the first example of 
Z-torsion in C{M). For general discussions of torsion in skein modules see [7], 
[18] and [19]. 

Z-torsion theorem Let K be the 2 -component link in S'^ x defined from 
two oriented parallel copies of {*} x . Then in C{S‘^ x 5^) the relations 
zK 7 ^ 0 but 2{zK) = 0 hold. 


Conjecture 1 (a) For each oriented 3-manifold, the epimorphism : 

VV’.(M;Z) ^ C.(M) is not an isomorphism. 

(b) Assume that each essential torus map into M is homotopic into dM . Then 
W{M]'Z) is free and the universal pairing is trivial. 

(c) For a given 3-manifold M, if 7 is trivial then each geometric i?-deformation 
of 7 is trivial. (This is of course an important problem in the understanding of 
the structure of C{M).) 


All constructions in this paper are functorial in the obvious way with respect 
to embeddings of oriented 3-manifolds. In theorem 3 also obvious functoriality 
with respect to homomorphisms of commutative rings with 1 holds. 


2 Geometric deformations of the Chas-Sullivan pair¬ 
ing 

We first review the necessary background from string topology. Compare [ 2 ], 
in particular section 1 and section 6 . 
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For R a commutative ring with 1 and A some i?-module let SA denote the 
symmetric algebra. 

Let := H^{map{S^, M); R) be the usual homology of the free loop 

space of M (loop homology). By the universal coefficient theorem Hi( — ; R) = 
Hi( — ) (g)^ ii for i = 0 , 1 , and this holds both for string and loop homology. 

We describe the string homology pairings over Z, the pairings over R then are 
defined by linear extension. 

The quotient mapping map{S^,M) -i- map{S^, M)/, which restricts to an 
5^-fibration over the subspace of non-constant loops, induces the exact Gysin- 
sequence: 

^ Hi(M;Z) ^ ni{M-Z) ^ 0 ^ Ho(M;Z) ^ 0. 

Thus the elements of 7do(M;Z) can be identified with elements of ]HIo(M;Z), 
and the elements of 7di(M;Z) can be lifted to ]H[i(M;Z). So each element of 
]HIo(M;Z) is represented by a linear combination of oriented knots in M ( 0- 
dimensional family). Correspondingly elements of Z) are represented by 

linear combinations of -families of mappings from a circle into M. The image 
of each such an -family in M is a singular torus. The corresponding maps can 
be assumed in transversal position with respect to knots representing elements 
of T-Iq{M]'L) and singular tori respresenting other elements of 7fi(M; Z). Then 
at transversal intersection points new loops are defined by going around the 
first loop and then around the second one (usual loop composition or loop mul¬ 
tiplication), with the loops determined by the two preimages of the intersection 
point. (The parametrization of the singular torus as a family of loops in the 
3-manifold is used here in some essential way.) This defines new 0-dimensional 
and 1-dimensional families of maps. The construction can be carried out for 
each pair of -family and oriented knot, and for each pair of -families. The 
resulting linear combinations are used to define 7 and jp. 

Next we replace the second factor in the domain of 7 by the 0-dimensional 
homology of the space of maps of circles into M with arbitrary numbers of 
components. Note that 7io{M‘,X) = ]HIo(M;Z) = Z 7 r(M), where 7 r(M) is the 
set of conjugacy classes of elements in the fundamental group By the 

isomorphism above 7 is a pairing 7^i(M;Z) C Z 7 r(M) —> Z 7 r(M). 

Let Map{S^,M) := Ur>o? 7 iap(Ur<S'^, M)/S,., where the permutation group S,, 
acts by permuting the components of the domain. Then HQ{Map{S^, M);Z) = 
5 Z 7 r(M) and the pairing 7 naturally extends to the pairing (still denoted) 

7 : Hi(M; Z) C 5 Z 7 r(M) ^ S'Ltt{M) 
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using the Poisson identity 

7(0 0 xy) = 7(0 (8) x)y + ^ 7(0 0 y)- 

It follows by some easy computation that 7 induces on SZn{M) the structure 
of a module over the Lie algebra 7fi(M;Z) (compare also lemma 2 below). By 
dehnition the extension is the linear combination of the loop compositions at all 
intersections of a parametrized singular torus with the components of a link in 
M (whose homotopy classes correspond to a given element in S'L'k{M)). The 
two curves, which are composed at some intersection point of a singular torus 
with the link, are the corresponding curve in the family map{S^, M) and 

the corresponding component of the link. Note that a given loop of the S^- 
family can have transverse intersections with several components of the link. 
Then the collection of loops resulting from loop composition for one of those 
intersection points is a map of circles whose images in M are not disjoint. It 
is the starting observation of this paper that this can be avoided using higher 
order transversality following [15]. 

Definition 2 Let U C Map{S^, M) be an open subspace. Assume that a 
0-chain in Map{S^, M) is represented by elements in U and a 1-chain in 
map{S^,M) C Map{S^, M) is given. Then assume that the 0-chain and the 
1-chain (more precisely the representing families in Map{S^, M)) are approx¬ 
imated such that their intersection is transversal in the sense of Chas-Sullivan 
(i.e. the corresponding obvious evaluations are transverse maps to M) and 
the following two additional conditions hold: (i) The 0-chain is approximated 
by maps in U and (ii) all maps of the 0-dimensional family, which result by 
smoothing or loop composition at intersection points according to the definition 
given in [2], are contained in U. Then we say that the resulting 0-dimensional 
family (and its homology class) is defined by the Chas-Sullivan procedure (with 
respect to U). 

Remark 3 Loop composition is the standard operation in homotopy theory 
while smoothing is the standard operation in link theory. There is no difference 
in the definition of 7 because the resulting 0 -dimensional families defined by the 
Chas-Sullivan procedure are the same (the corresponding links are link homo¬ 
topic). It can easily be seen that 7 ^ can also be defined using smoothing. But 
the general string interactions in [ 2 ] a priori require the use of loop composition 
since the resolutions take place along high dimensional cells of intersections. 

The main example considered in this paper \sU = 'D{S^,M) , the space of maps 
with disjoint images of its components, which is denoted the Milnor space of M. 
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The path-components of this space are the link homotopy classes of oriented 
links in M [16]. Then Ho{V{S\M)) ^ ZC{M). The inclusion V{S\M) C 
Map{S^, M) induces the homomorphism 

i) : ZC{M) SZft{M), 

which assigns to each link the unordered sequence of the homotopy classes of 
its components. 

In order to achieve the transversality necessary for the Chas-Sullivan procedure 
we define an operation, which takes the union of two families of maps of circles 
in M with the same parameter space. Let Map{S^, M) := [Jr>omap{UrS^, M) 
with the natural projection (a covering map away from maps with two equal 
component maps) Map{S^ ,M) Map{S^, M). Next consider the map 

M^p{S\M) X M^p{S\M) M^{S^,M), 

defined by the disjoint union of maps 

map{LirS^, M) x map{UsS^, M) map{Ur+sS^, M). 

Remark 4 There are the induced maps after taking the quotient by permu¬ 
tation actions; 

map{UrS^, M)/T,r x map{UsS^, M)map{Ur+sS^, M)/Yr+s, 

and thus Map{S^,M) x Map{S^, M) Map{S^,M). The induced map in 
homology and the Kiinneth homomorphism define the homomorphism of degree 
0 (graded commutative multiplication); 

{Map{S ^, M); Z) ® R* {Map{S ^, M); Z) ^ R* {Map{S ^, M); Z), 

which restricts to the standard multiplication in 0-dimensional homology 

5 Z7r(M) ® Sm{M) 

used above. (Note that S'Ltt{M) is multiplicatively generated by Z7r(M).) 
This multiplication in homology and similar structures will be essential for 
developing generalizations of the deformation theory discussed in future work. 

Now given an element in Map{S^, M) represented by some embedding e, con¬ 
sider the constant loop Map{S^, M) in e. Its union with a 1-dimensional 

family ^ map{S^,M) C Map{S^, M) defines a new 1-dimensional fam¬ 

ily £e- The following result is easily proved. 


Algebraic & Geometric Topology, Volume 3 (2003) 



1016 


Uwe Kaiser 


Lemma 1 After approximation of e and i it can be assumed that £e is 
transversal, i.e. the maps ^ M in the family given by If, are all em¬ 

beddings except for a finite number of parameters. For those parameters the 
maps are immersions with a single transverse double-point. 


Here we will only need the weak transversality version of the previous transver- 
sality lemma for link homotopy (compare [ 8 ]). Then le'■ ^ Map{S^,M) is 

transversal as follows: All maps in the family are embeddings (in particular have 
disjoint images of components) except for a finite set of singular parameters. 
At a singular parameter the corresponding map —> M is an immersion 

(actually the image of an immersion in Map{S^,M) projected to Map{S^, M)) 
with a single transverse double-point of distinct components. Then the linear 
combination, defined by smoothing at all intersection points, is defined by the 
Chas-Sullivan proeedure according to definition 1 and U = T>{S^,M). 

The following algebraic language is very useful. Let A, B be modules over 
commutative rings R, R' and let 5 : i? ^ i?' be a ring homomorphism. Then 
a homomorphism h : A ^ B is a homomorphism of abelian groups satisfying 
h{rx) = 6{r)h{x) for all r G i? and x € A. If ii a commutative ring with 1 
and 5 : ^ R is the injection defined by the unit then a homomorphism is 

just a homomorphism of underlying abelian groups. 

Now recall that the ring R is equipped with the ring epimorphism e : R ^ h. 
There is the induced homomorphism 

e* :Hi(M;i?) ^ni{M;Z)®zR Hi(M; Z) ^ = Hi(M; Z). 

In general, homomorphisms from free i?-modules to free abelian groups induced 
by e will be denoted e*. 

Definition 3 Consider a quadruple (A, Pa, 1a) with A an i?-module with 
epimorphisms a a, Pa as follows: 

RC{M) A SZn{M), 

such that Pa o aA is the epimorphism 

R£(M) Z£(M) —^ SZtt{M), 

and yA ■ 'Hi{M;R) C) A ^ A is i?-linear and defined on representative links 
by the Chas Sullivan procedure. Then {A,aA, Pa-,1a) ■, or briefly is called 
a geometric R-deformation of 7 . 
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Remark 5 It follows that there is the commuting diagram 


ni{M;R)®A A 


ni{M-Z)®S'LTT{M) — 




Example 3 The trivial example of a geometric i?-deformation of 7 is given 
by 

A := Ho(Map(S\ M); R) ^ RC{M)/a, 

where a is the submodule generated by Ky — K- for all K G C{M). Note that 
there is the canonical homomorphism 

13a ■■ SRtt{M) ^ Ho{Map{S\M);R) Ho{Map{S^, M),Z) ^ Sm{M) 

induced by e. The pairing yA is defined by ii-linear extension of 7 . Note that 
this trivial geometric R-deformation is not co-universal in the sense that each 
geometric ii-deformation maps onto it. In fact, the Hoste-Przytycki homotopy 
skein module maps onto the trivial geometric ii-deformation if and only if it is 
free. 


Recall that an ii-module yl is a module over the R-Lie algebra ?ii{M]R) if 
there is defined an ii-homomorphism: Tii(M;ii) ^ Endp{A), which maps the 
given Lie-bracket yp on Tii (M;ii) to the endomorphism Lie-bracket. 

The following result is immediate from the argument on page 2 of [2] proving 
the bracket property in string topology, and the fact that the deformation is 
geometric. 

Lemma 2 If A is a geometric R-deformation of 7 then ja induces on A the 
structure of an R-Lie algebra over R). 

The induced structure on yl of a module over the Chas-Sullivan Lie algebra is 
called a geometric i?-deformation of the module 7do(M; Z) over the Lie algebra 
Wi(M;Z). 

The result of lemma 2 is central for the constructions in this paper. Thus for the 
convenience of the reader we give the argument of Chas-Sullivan in the language 
and orientation conventions used in this paper. The argument also hints into 
a direction of a general homology and intersection theory of transversal chains 
in the mapping spaces considered here. 
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Proof For the proof let 7 := 7 ^ 4 . We want to show that the Jacobi-identity 
holds in the form 


l{lL{a,b),x) = 7 ( 0 , 7 ( 6 , x)) - 7 ( 6 , 7 ( 0 , x)) (1) 


for X € and and a,b G ?ii{M]R). Since A is generated by link homotopy 
classes of oriented links in M we can assume that x is represented by some 
oriented r-component link K in M. Moreover a,b can be represented by 
two families -i- map{S^,M). Using the union operation above, 'yL{cL,b) 
is represented by smoothing at the singular points of the resulting family of 
maps fab : X ^ map{S^ A S^,M). This is a collection of oriented 

immersed loops £ab in x . Now take the union of fab with the family 
X ^ map{ArS^, M), which maps constantly, using a parametrization 
of K. By approximation of the original 5^-families we can assume that the 
resulting family x ^ map{S^ U 5*^ U UrS^,M) is transversal in Lin’s 
sense (compare [15], [ 8 ] and section 4). Because of the fact that the family is 
constant on the last r components the curves of singular points ia,x, where 
the first component intersects a component of iL is a union of oriented merdian 
curves {*} on xS^. Similarly the curves ib,x form a collection of oriented 

longitudinal curves x {*} on xS^. Now the singular points corresponding 
to fba form the collection of oriented immersed loops £ba resulting from iab by 
application of the switch homeomorphism x ^ x . For any two 
oriented immersed loops fi, £2 on 5^ x intersecting transversely let -£2 £ A 
denote their oriented interseetion in A, which is given by the sum of signed 
smoothings for all intersection points of £i and £ 2 - In fact each intersection 
point determines an immersion in K?{M) AK?{M) (compare section 4), which 
determines a link homotopy class of a smoothed link ±iLoo for a suitable iL**. 
If £'ax (respectively denote the images of £a,x (respectively £b,x) under 
the switch map then £a^x ■ £b,x = ~^ax ' ^'b x ~ ^'b x ' ^'a x ^ since switching 
the order of two curves on a torus changes the intersection number, and the 
corresponding smoothed links coincide. Here the map into map{Ar+ 2 S^ ■, M) on 
the image of the torus under the switch map is defined by composing the switch 
map with the map on the domain torus. Similarly £ab • £a,x = —£ba ' ^'ax- Now 
consider the following computation of intersections in A of oriented curves on 
51 X 

£ab ■ {£a,x U 4,x) 


—• 4,x + ^ 


b^x 


^ab * “ 1 “ ^a^x * ^b 

—(-ab * ^b,x ^a^x * ^-b 


,x 

,x 


b,x 


ha 

{ha 


O' —O' . O' 

^a,x ^b,x 


0n..x + Ol. 


b,x 


^a.x/ 


Now the first line coincides with the left hand side of equation (1) and the last 
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line coincides with the right hand side of ( 1 ). 


□ 


Remark 6 (a) Note that the R-module structure does not play any role in 
the proof of the lemma. This is because we actually prove the Jacobi-indentity 
on the level of the i?-homomorphism 

ni{M-R)(^RC{M) A, 

defined by composition with in the second factor, and 

ni{M-R) ^Hi{M-Z) (^zR 

holds. (This requires lifting elements from A to RC{M).) The i?-module 
structure itself is only important for choosing submodules a C RC{M) for 
which the image of the pairing above in RC{M)/a = yl is well-defined. 

(b) The union of all closed oriented curves fab-, fa,x and fb,x in the proof of 
the lemma comes naturally equipped with a transverse map into Map{S^, M) 
and thus is a transverse 1 -dimensional cycle (see lemma 1 above). 


Definition 4 A universal geometric R-deformation of 7 is a geometric R- 
deformation 

{C,ac, ldc,7c) such that for each geometric i?-deformation {A, ua, Pa,7a) of 
7 the following holds: a a = otc ° for a unique epimorphism Sa ■ C ^ A, 
which fits into the commuting diagram: 


ni{M-R)®C 


1C 


c 


&A 


l-Li{M;R)®A 


lA 


A 


It follows easily from the definitions that a universal geometric i?-deformation 
of 7 is unique up to isomorphism of Lie algebra modules. 


Remark 7 By theorem 3 the universal geometric R-deformation is the quo¬ 
tient of RC{M) by the R-submodule generated by integrability relations. Note 
that the R-homomorphism yV{M;R) SRTt{M) defined from universality of 
7 ^ is the natural one induced by f) (compare the beginning of section 4). 
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3 Homotopy skein modules and string topology pair¬ 
ings 

Throughout this section let i? = Z[z]. 

In [8] the author has given a presentation of C{M) as a quotient of the free 
module SR'n{M) by a submodule of relations defined geometrically by formal 
sums resulting from smoothing crossings at points of intersections of singular 
tori with standard links in M and expanding in terms of standard links. (The 
standard links are identified with elements of SRit^M) .) For our purposes it is 
useful to state the presentation in a form involving the filtration by the number 
of components. 

Let r be a non-negative integer and let Cr{M) be the set of link homotopy 
classes of oriented links in M with < r components. The module Cr{M) 
is defined as the quotient of RCr{M) by the submodule Cr{M) of homotopy 
Conway skein relations for all triples {K±,Kq) with K± G Cr{M). (Note that 
Kq G Cr-i{M) for all relations in Cr{M).) 

There are obvious homomorphisms Lr ■ Cr{M) Cr+i{M) such that C{M) 
is the direct limit with respect to the {t^}. In particular there are natural 
homomorphisms Cr{M) C{M) induced by inclusions Cr{M) C{M). But 
the projection RC{M) RCr{M), which is defined by mapping all links with 
> r + 1 components trivially, does in general not induce a homomorphism from 
C(M) to Cr{M). 

For r > 0 let hr{M) be the set of unordered sequences of elements of 7r(M) 
of length r. Then bo(M) is the set with the only element given by the empty 
sequence 0 of length 0 . Let 

b(M) ;= Ur>obr(M) 

be the set of all unordered sequences of elements in 7f(M). This is the natural 
basis of monomials of SRTr{M) (as i?-module). If b.(M) := b(M) \ {0}. then 
Rb.{M) is also an i?-algebra but without a unit element. 

Remark 8 If C{M) is replaced by C,{M) and b(M) is replaced by b.(M) then 
the definitions and results of section 2 hold for reduced modules, as noticed in 
the introduction. 

Choose a representative oriented link for each element a G hr{M) . The link 
homotopy classes of these links form a generating set of Cr{M)/ir-i{Cr-i{M)). 
The epimorphisms 

(Jr ■ R(Uo<j<rbj(iVL)) —> Cr{M) 
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induce the standard link epimorphism 

a : SRtt{M) C{M). 

For a € br{M) let / : > M be a knot representing some element oq € 

7r(M), which appears in a. Let (5 G 7 ri(map( 5 ^, M), /) be represented by a map 
h : ^ map(S^,M). Consider a representative link g with componenents 

whose homotopy classes correspond to the elements of a \ ao • Then consider 
map(Ur+iS^, M), which is defined by taking the union of h with the 
constant mapping to g, as dehned in section 2 . After approximation of h it can 
be assumed that the corresponding family satisfies the transversality conditions 
discussed in section 2 (see also section 4). Thus for a hnite number of param¬ 
eters, there will be transverse double-points of h with a component of g, and 
these are the only singularities. Then, for each singular parameter, consider the 
smoothed link, which results by smoothing the corresponding crossing. Expand 
this link in terms of standard links, which are identified with the corresponding 
elements of b(M). This defines elements Q{a,ao,h) G SRfr{M) which, after 
multiplication by z, generate the module TZ C SRtt{M) of relations. Note that 
the relations resulting from a G br{M) are well-dehned modulo those relations 
resulting from elements in br'{M) for r' < r. 

The ring epimorphism i? ^ Z, defined by z 0, induces the epimorphism 

C{M) SZ'k{M). 

Its composition with a is the natural epimorphism SRTt{M) SZit^M) in¬ 
duced by the the ring epimorphism. 

The following is a reformulation of results from [ 8 ]. It shows that the structure 
of the Hoste-Przytycki modules is determined by pairings, which form a tower 
of geometric i?-deformations of 7 . 

Theorem 5 For each non-negative integer r there is a well-dehned pairing 
yr ■■ Hi(M; R) ® C^(M) ^ C^(M), 

which is a geometric R-deformation of 7 , and there is an isomorphism 
Cr+l{M) = {Cr{M)/z ■ im{yr)) © Rbr+l{M), 
induced by tr and Or- 

Proof Let mapf{S^,M) be the component of map{S^, M) containing the map 
/ with free homotopy class [/] G There is the epimorphism 

p: ^ Z7^l(map(5^M),/) ^ ^ Hi{mapf{S^,M)) ^ Hi{M). 

[/]e*(M) [/]e*(M) 
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The result of theorem 5 follows from the inductive presentation of C{M) in 
[ 8 ], using the epimorphism p and the fact that 0 (a, h) only depends on the 
image of h in 7ii{M ), which easily follows from the definition (compare also the 
arguments given in section 4, remark 12 (c). Alternatively well-definedness of 
the pairings 7 ^ can be proved from the universal pairing of theorem 3. In fact, 
the modules C^(M) are quotients of W(M, i?); The homomorphism RC{M) —> 
RCr{M), which maps links with > r -|- 1 components to zero, induces the 
epimorphism W{M) Cr{M). But all relations from immersions with > r + 2 
components map trivially because the links in the corresponding integrability 
relation have > r -|- 1 components. The relations coming from immersions with 
< r -|- 1 components involve only links with < r components. These map 
trivially into Cr{M) since the relation submodule Cr{M) of Cr{M) contains the 
corresponding Conway triple terms. □ 


Remark 9 (a) 

diagram 


The naturality of the pairings is described by the commuting 


id<S>ir-l 


ir—1 


ni{M;R)®Cr{M) Cr{M) 


In particular by theorem 5 the composition 7 ^( 2 ;, — ) o o [z-) is trivial on 
Cr-i{M) for all x G 7Yi(M). Here (z-) is multiplication by 2 ; on Cr-i{M). 

(b) Obviously theorem 1 follows from theorem 5 by taking direct limits. 

(c) For r = 1, Ci{M) = Rn{M) and 71 is the original Chas-Sullivan pairing. 
Moreover by induction Cr{M) is free if and only if the pairings 71 , 72 ,..., 7^-1 
are trivial. 

(d) It has been proved in [2] and [ 8 ] that for a hyperbolic 3-manifold M all 
pairings 7 ^ (and so 700 ) are trivial. It is a conjecture (see [ 8 ]) that if M is not 
hyperbolic then 71 is not trivial and thus C{M) is not free. 


Proof of theorem 2 Each non-trivial Q{a,ao,h) G SRtt{M) generates z- 
torsion in the skein module. Thus, if C{M) is free then all the ©-elements 
are trivial. But the ©-elements map onto the image of 700 by a standard link 
epimorphism: 

cj : SRn{M) C{M), 

which maps a G br{M) to some oriented link G Cr{M) with homotopy 
classes corresponding to a (for details compare [ 8 ]). Thus if C{M) is free then 
the image of 700 is trivial. 
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Conversely suppose that C{M) is not free. Choose the smallest non-negative 
integer r and a corresponding triple {a,ao,h) such that a € br(M) and 
O(a,ao,h) 7 ^ 0 G SRfr{M). Let K G Cr-i{M) be the isotopy class of a link 
with homotopy classes of components Q;\ao. (Note that by assumption Cr{M) 
is free but Cr+i{M) is not free.) It will be shown that cj(0(q;, ao) ^)) ^ 1^, 
so its image in C{M) is non-trivial. Note that, since G{a,a,h) is dehned by 
expanding smoothed links with r components in terms of standard links with 
respect to a, a standard link with fd G br_fc(M) appears with a scalar in 
'^[z] divisible by in that expansion. If x is trivial in C{M) then it is a linear 
combination of elements zG{a',a'Q^h') with a' G bs{M) and s > r. But in 
such a linear combination each with (3 G appears with a scalar 

divisible by and s — A: -|- 1 > r — k for all s > r. Thus 0(a, aQ, h) is not 

contained in 7^. □ 

Proof of the Z-torsion theorem Let M = 5^ x 5^. In the following the 
isomorphisms 7ri(M) = L7i(M;Z) = Z and 5Z7r(M) = 5'ZL7i(M;Z) are used. 

It is easy to show that 2zK = 0: Let K' be the 3-component link formed from 
K and a meridian curve x {*} C 5^ x 5^ linking both components of K. 
Let K" be the disjoint union of K with an unknot contained in a 3-ball in 
M. By two applications of the Conway skein relation involving two crossing 
changes it follows that the difference K' — K" is 2zK. By using the belt trick 
(handle-slide) it can be seen that the two resulting smoothings are isotopic to 
K. Using the belt trick it also follows that K' and K" are isotopic, which 
shows that 2zK = 0 G C{M). 

It will be shown that if nzK = 0 is a relation in C{M) then n is even. 

First a new link invariant Ik'^ in Z 2 is defined for links L in M for which the 
total homology class [L] G L7i(M;Z) is even. Let Le-uen (respectively Lo^d) be 
the sublinks of those components of L with even homology classes (respectively 
odd homology classes). So Lodd has an even number of components. Then Leven 
bounds a (not necessarily oriented) surface. Its mod-2-intersection number with 
Lodd is an invariant of links in M. In fact, it only has to be checked that this 
number is not changed by a handle-slide. But a handle-slide of a component 
of Leven changes this number by the homology class of Lodd, which is even by 
assumption. The same argument shows that this number is not changed by a 
handle-slide on a component of Leven- Thus lk‘^{L) is well-dehned. Note that 
each crossing change of a component of Leven with a component of Lodd does 
change lk‘^{L) G Z 2 while crossing changes among components of Leven or Lgdd 
do not change lk‘^{L). 
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In the following assume that K has been chosen to be the standard link for the 
element 1 • 1 G 62 (M). It follows from the proof of theorem 2 that a relation 
nzK = 0 implies that 

nK = '^XhQia,ao,h) {*) 

h 

where h runs through a finite number of self-homotopies of standard links 
for a € b 3 (M). (By abuse of notation the sum is also over a set of those a 
and corresponding ao-) This is because relations dehned from a G hr{M) for 
r > 3 contain 2-component links only in higher powers of 2 ; and relations from 
b 2 (M) contain only elements of Ci{M). 

Now K can appear as a smoothing of a 3-component link = K' only if the 
homology classes of components of K' are given by a = lab G S'LHi{M;'L) 
where I G -fIi(M;Z) and a-|- 6 = 1 G Without loss of generality 

we can assume that a is even and b is odd. Let Ki, Ka, Kb denote the cor¬ 
responding components of K. Observe that the total homology class of K' is 
even and lk‘^{K') is defined. Moreover lk‘^{K') is changed by crossing changes 
of Ka with Kb or Ki , but remains unchanged by crossing changes of Kb with 
Ki. Now consider a transverse self-homotopy h of K' and the resulting lin¬ 
ear combination of smoothings. Only the homology classes of the components 
of the smoothed links are of importance. In fact, by further applying skein 
relations only contributions divisible by will appear. Consider only those 
terms in the linear combination containing terms with homology classes of both 
components odd. Note that a smoothing of Kb with Ki never can give rise 
to such a term because it contains an even homology class. If a 7 ^ 0 then a 
smoothing of Ka with Ki gives rise to an (unordered) pair of homology classes 
(a -|- 1)6 7 ^ 1 • 1 G S'LHi{M;'L). Assume that along h the smoothings define 
ni{h) terms with homology classes 1 • 1 and n 2 {h) terms with only odd homol¬ 
ogy classes but different from 1-1, where ni{h) G {±1} is the sign determined 
by the crossing change. Since lk‘^{K') is well-dehned, ni{h) +n 2 {h) is an even 
number for each self-homotopy h. 

In the linear combination on the right hand side of (*) all 2-component links 
containing even homology classes of components cancel out. Now consider the 
homomorphism 

RC{M) ZC{M) Z, 

defined from the coefficient map ii ^ Z and by mapping two-component links 
to 1 G Z, and all other links trivially. Consider the image of the right hand 
linear combination (*) under this homomorphism. The resulting finite sum 
n' = A/i(ni(/i) -|- n 2 {h)) G Z satishes Ylh ^hn 2 {h) = 0 because of equation 
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(*) and the fact that K has homotopy classes of components 1 - 1 . Also n' is 
even because each ni{h) + n 2 {h) is even. Thus n = Yhh ^httiih) is even. □ 


4 Proof of theorem 3 

It suffices to prove that for 'W{M;'L) the pairing 7 ^^, which is defined on repre¬ 
sentative link homotopy classes of links by the Chas-Sullivan procedure accord¬ 
ing to definition 1 of section 2, is well-defined. Then {yV{M]7,),au, Pu,'yu) is a 
Z-deformation of 7 . Here au ■ 7 jC{M) W{M]'Z) is the projection, and the 
natural homomorphism f) factors through yV(M;Z) and defines f3u (because 
the homotopy classes of components coincide for K^q and A'-o, respectively 
Koy and A'o- )• The universality follows from the proof below because the inte- 
grability relations generate the image in ZT(M) of certain differences resulting 
from applications of the Chas-Sullivan procedure to homologous representative 
loops in map{S^,M). Since these relations have to be true in any geometric 
Z-deformation of 7 , an arbitrary deformation factors through the universal one. 
This means that the homomorphism a a ■ 1jC[M) A, for a given geometric 
Z-deformation of 7 , factors through a„. The uniqueness of this factorization 
follows from the surjectivity of aA- 

Remark 10 The fact that the universal geometric A-deformation of 7 is 
defined by the tensor product with the universal geometric Z-deformation is 
immediate from the fact that the integrability relations are integral and from 
the naturality of all constructions. 

We first give a precise the definition of ju- Let x G ?fi(M;Z) and y G 'LC{M). 

By using the epimorphism p defined in the proof of theorem 5 and by linearity, 
it can be assumed that x is represented by a loop i in map{S^,M) and that 
y is represented by some embedding e G map{\Jr-iS^, M). Then the extended 
loop ie ■ ^ map{UrS^, M) C Map(S^, M) is defined from the union of £ 

and e for all parameter values t (compare section 2 ). 

Assuming weak transversality for fg (compare section 2, lemma 1) an element 
of ZT(M) is defined by the signed sum of the link homotopy classes of the 
smoothings at all singular parameters. The signs are determined by the signs of 
the double-points (which are defined using the orientation of the loop I and thus 
Ig , and the orientation of M): This is ± if there is a crossing change —> K± 

along £g at the singular parameter. (Recall that the singular parameters along 
£g correspond to intersection points of the singular torus in M determined by 
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i with the embedding e representing the link homotopy class determined by 
e.) The image of this linear combination in VV(M;Z) defines 'Juix'^y), where 
y is the image of y in W(M;Z). It has to be shown that this image does not 
depend on the representatives chosen for x and y. 

First the linear combination is well-defined for a fixed loop ig- If the embedding 
e is changed by a link homotopy or the loop i is changed by a homotopy in the 
free loop space then there is an induced homotopy of the loop ig in Map{S^ , M). 
(A link homotopy of e can delete or produce intersections with the singular 
torus representing i.) After approximating by a transverse homotopy in Lin’s 
sense (relative to the boundary, compare [ 8 ], [14] and [15]), the set of points 
in X I, for which the image in the mapping space is not in 'D{S^, M), is 
a properly embedded 1-complex with vertices of valence 4 in the interior of 
X I and vertices of valence 1 in the boundary. The singular parameters in 
the boundary components of the annulus (vertices of valence 1 ) are joined by 
properly embedded arcs in the interior, possibly intersecting in points of valence 
4. 

It is easy to see that the two linear combinations according to the boundary 
components coincide if there are no valence 4 vertices. In general the homotopy 
can be decomposed into a finite sequence of elementary homotopies containing 
only a single interior vertex. The corresponding map ^ M is an im¬ 

mersion with exactly two transverse double-points of distinct components. The 
difference of the linear combinations is (up to a sign) the integrability element 
determined by that immersion. Because of the very special origin of the ho¬ 
motopy, only immersions in K?{M) U JC^{M) have to be considered. This is 
because a link homotopy of e (respectively a homotopy of £) induce a homotopy 
of ig for which all but one of the components are disjoint during the homotopy. 
This property can easily be preserved in approximating the homotopy. So the 
image of the linear combination in yV(M;Z) is not changed under homotopy 
of the loop i or link homotopy of e. 


Remark 11 For the property of universality of 7 ^ it is important to note that 
each such immersion occurs in a homotopy of some loop ig defined as above 
from a link homotopy or homotopy of £. In fact, only immersions in K?{M) 
have to be considered. Then a singular torus together with a null-homotopy and 
a link homotopy of some embedding e are defined by the neighbourhood of the 
immersion, which is a family map{S^ U ; Tf). By a suitable choice 

of components this family can be induced by a link homotopy of an embedding 
e or a homotopy of 5^-family 1. 
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Next consider any loop I and and replace y by some integrability element. Then 
the resulting linear combination defined by the smoothings is an integrability 
element. It can be assumed that the two double-points of the immersion dehning 
the element are contained in the complement of possible intersection points of 
the immersion with the singular torus (defined from V). 

We have shown that the pairing 

7:1 0 'LTti{map{S\M), f) ] (g) W(M; Z) ^ >V(M; Z) 

\[/]g^-(m) / 

is well-defined. The pairing is extended over the free abelian group by linear 
extension. Now p factors as the composition: 

0 'LTTi{map{S^,M),f)-> 0 Z7ri(map(5\ M)/5\/) ^ Z), 

[/]G*(M) [/]e*(M) 

using the homomorphism induced by map(5^, M) ^ map{S^,M)/S^ (mapping 
loops to strings), and the Hurewicz homomorphisms. 

It is immediate from dehnitions that for x' G 7ri{map{S^, M), f) (considered 
as subset of 0[j]£^(A^)Z7ri(map(5^, M),/)) the element y{x',y) only depends 
on the image of x' in 7ri{map{S^, M)/, f). This is because the link homo¬ 
topy classes do not depend on specific choices of basepoints on the loops, from 
which they result by smoothing, according to the definition of 7 . Thus the 
homomorphism 7 factors through the epimorphism 7 ', which is defined on 

0 Z7t,{map{S\M)/S\f). 

lf]ek(M) 

Let p' : 'LTti{map{S^, M)/, f) 7Yi(M;Z) be the obvious homomorphism 
factoring p. Now it is not hard to prove that an element 

G Z7rl(map(S'^M)/5^/) 
j 

is contained in the kernel of p' if and only if is in the commutator 

subgroup of 7rl(map(5^M)/5 ^/). But i{]\jg]\y) = for 

each y G W{M;'Z) is immediate from the dehnition of 7 . Also 7 ' vanishes 
on commutators by construction. So 7( • ,y) factors through ?fi(M;Z) and 
y{x,y) := y{x',y) is well-defined as required. This completes the proof of 
theorem 3. □ 
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Remark 12 (a) It follows from the proof above that if the loop I is replaced 
by a loop map{[JrS^, M) for r > 2 (which replaces the singular torus by a 

collection of singular tori) then we have to divide by integrability relations from 
/C^(M) too. The origin of those integrability relations are possible transverse 
intersections among components in the family 

(b) If we replace in the beginning of our discussion the link homotopy classes 
by isotopy classes of oriented links in M, then also self-intersections of loops 
in the family ^ have to be taken into consideration. Then immersions with two 
transverse double points involving precisely one self-crossing would automati¬ 
cally lead to relations — Kq- = 0 (with the first position indicating the 
crossing of different components). This is because smoothings of self-crossings 
are not picked up by the Chas-Sullivan procedure. If applied to immersions 
for which the double point of distinct components involves an unknotted circle, 
which intersects the union of other components in precisely one point, then 
Kq = K is an immersion, which can be assumed to carry an arbitrary self¬ 
crossing (compare the special integrability relations defined in the beginning 
of section 5). So it follows from the integrability relation that arbitrary self¬ 
crossings can be changed. This reduces the universality problem of extending 
7 for isotopy of links to link homotopy of links. 

(c) The argument above could be simplified by considering the epimorphisms 
for each [/] G 7 r(M): 

7ri{map{S^, M), f) —> TTi{map{S^, M)/S^, f) —> Hi{mapf{S^, M)/S^\'L), 

and noticing that 7fi(M;Z) = M)/S'^;Z). But the 

proof indicates that Z 7 ri(map( 5 ^, M),/) is the natural object for 

studying generalized (possibly non-homologically) intersection theory of free 
loop spaces in order to provide a basis for other interesting deformations. 


5 The Chas-Sullivan module and related modules 

Throughout this section let R = Z[ 2 ;]. We will use integer coefficients for 
homology and the Chas-Sullivan modules. 

Let yV{M) (respectively W~^{M)) be the abelian groups defined by restricting 
integrability relations to those immersions in K?{M) (respectively in K?{M) U 
JC‘^{M)) for which at least one of the components with a double-point is an 
unknotted circle, which bounds a disk intersecting the other components in 
precisely one transverse point. These integrability relations are called special. 
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There are obvious projection homomorphisms: 

W(M) -> W+(M) 

W(M) -> W+(M) 

and the same diagram holds for reduced modules. 

For r > 0 let C'{M) := Cr{M) \ Cr-i{M) be the set of link homotopy classes 
of oriented links in M with r components. For Z{M) any of the modules 
above, there is the obvious isomorphism Z{M) = where Zr{M) 

is the quotient of 'LC'^{M) by the corresponding subgroup of relations. (Note 
that integrability relations are homogenous with respect to the number of com¬ 
ponents, and all projections are compatible with this grading.) So there is a 
commutative diagram as above for each r > 0. 

By definition Zq{M) = Z is generated by the empty link. Obviously Zi[M) = 
Zn{M), W 2 {M) ^ W^{M) and ^iM) ^ holds. Also there are 

induced geometric pairings for (and for W^{M) and yVr{M) for each 

r > 0), which induce structures of modules over the Lie algebra 7di(M) as 
usual. 

Lemma 3 The abelian group W’(M) (respectively W~^{M)) is isomorphic to 
the quotient of ZjC(M) by the submodule generated by skein elements 

K+-K_- Kom + 

where is the two-component unlink, H is the oriented Hopf link, and ft is 
the oriented connected sum along any of the two components involved in the 
crossing K± (respectively along any component of the link). 

Proof This is immediate from the definition of the relations. □ 

Remark 13 (a) Let be the negatively oriented Hopf link in M. A special 
case of the relation in the lemma is: 

U'^ - H_ = H - U^, 

so H_ = 2U‘^ - H in VV(M) or W+(M). 

(b) The connected sum of a link K with U'^ is the disjoint union with the 
unknot contained in a 3-ball separated from the link, which in particular does 
not depend on a choice of component of K. 
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Theorem 6 The inclusion ZC.{M) —> RC.{M) induces the isomorphism 
W+(M) ^ C.{M). Thus W^{M) ^ W+(M) ^ C.(M) as abelian groups. 

Proof Since the integrability relations (for all possible immersions with two 
double-points) over Z map trivially into C.(M) the homomorphism 

ZC.{M) RCXM) C.{M) 

factors through yV’.'^(M) and defines a homomorphism y : ^ C,{M). 

Now the free abelian group Tj[z]C,{M) has the basis given by elements z^K for 
i > 0. First define a homomorphism 6 of abelian groups Z[ 2 :]£.(M) ^ WX{M) 
by induction on i. For i = 0 use the natural epimorphism a : Z£.(M) ^ 
W+(M). For i > 1 and K G C.{M) map z^K to a o {H - U‘^)]\(t{z^-^K)), 
where 

{H - : ZC.{M) ZC.{M) 

is defined by the linear extension of a map of link homotopy classes of links 
K 1 -^ — K^U'^ with connected sum along some chosen component of K 

and f(rE) is a lift of t(x) to ZC.{M) for each x G yV’.'^(M). The composition 
is well-defined and independent of the choice of component for the connected 
sum. This is because special integrability relations from /C^(M) permit to 
change between components used in connected sums with Hopf links. Moreover 
the difference of lifts is a linear combination of integrability relations, which 
maps to a linear combination of integrability relations under {H — Since 

the Conway element Kj^ — iF_ — zKq maps to the special integrability element of 
the previous lemma there is the induced homomorphism n : C.(M) ^ yV.’^(M). 
Now Kox = id is obvious. The identity yoK = id follows because an application 
of the Conway skein relation to the non-trivial crossing of the Hopf link crossing 
in H'^K — U'^^K shows equality with zK in C{M). Thus claim follows for all 
f > 1 by induction. This proves the claim. □ 

Remark 14 (a) The reduced Hoste-Przytycki skein module naturally appears 
as an additional structure on the module Wf{M). Just define z := H — 
and multiplication by z by zK = K]^H — K]\U‘^. 

(b) It follows from the Z-torsion theorem that the abelian group WX{S‘^ x 
has torsion. Let K' be the link in S'^ x defined in the proof of the Z- 
torsion theorem, which is isotopic to K UU, compare section 3. Then, by an 
application of a special skein relation on some immersion in K?{M ), the relation 
2{K^H — K U U) =0 follows in yV{S‘^ x S^). Now K^H — K UU maps to 
zK G C{M) and is non-trivial there by the proof of the Z-torsion theorem. Thus 
K'^H—KUU is a torsion element in the universal abelian group x too. 
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Note that, for each oriented 3-manifold, the image of a link in W(M) cannot 
be a torsion element because the composition 'LC{M) W{M) 5Z7r(M) is 
the homomorphism f) defined in section 3. 

The study of the difference between W{M) and turns out to be subtle 

and interesting. Note that from the lemma above, W{M) is generated by 
standard links corresponding to homotopy classes of components and iterated 
connected sums of Hopf links with these links. But connected sums with Hopf 
links in VV’(M) a priori depend on the choice of components. 

The following notion is of importance in the general study of skein modules. 

Definition 5 A generating set & of an i?-module A is called minimal if 
© \ {g'} does not generate A for each g £ 6. 

A minimal system of generators of W{M) should take into account that the 
usual standard links (corresponding to the homotopy classes of components) 
can be chosen in such a way that duplicate homotopy classes are represented by 
parallel link components. Then connected sums with Hopf links along different 
components of the same free homotopy class are isotopic links. A connected sum 
with a Hopf link, for a link with homotopy classes of components ... a”’’ 
with ai 7 ^ aj for i ^ j and n* > 1, can be done in r a priori different ways. (If 
u is the conjugacy class of the trivial homotopy class and u ^ a G ft{M) then 
the monomial u^a £ b 3 (M) C SZ7r(M) represents the homotopy classes of 
components of a 3-component standard link with two trivial homotopy classes 
and one component with homotopy class a.) The previous example shows 
that a priori different links are not necessarily different in all 3-manifolds. A 
possible choice of a minimal set of generators of W{M) as abelian group should 
depend on the 3-manifold under consideration. 

The next example shows that iterated connected sums contain hidden symme¬ 
tries with respect to skein relations, which have to be detected. 

Example 4 Let \ ^ a £ Tt{M) and let iL be a knot with homotopy class a. 
Let £ K?{M) be defined from K and some unlink of two components, each 
component intersecting K in precisely one point. Let iL** be the 4-component 
immersion defined by by taking a connected sum of a Hopf link with one of 
the trivial components of iL**. The integrability relation resulting from this 
immersion contains a difference (iL(jLf)ttiiL — ^ where tti;tt 2 indicate 

the connected sum along K (respectively the trivial component of K‘^H). The 
other two terms are of the form {K U — {K U U)‘^ 2 U■ By iterating this 
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argument it follows that in building up a generating set for W{M) chaining of 
Hopf links can be avoided, i.e. connected sums with (... 

can be performed along Ka for a G b(M). So for given a := ...a”’’ G 

^’ni+...nr(-^) Ist r' < r he the number of 1 < i < r with n* > 2. Then there 
are r{2r' + (r — r')) possibly not equivalent 2-fold connected sums. It seems to 
be an interesting independent problem to study the involved combinatorics in 
detail. 

A possible difference between W{M) and W^{M) can be first detected on 
the level of 3-component links in M. Because of the observations and the 
example above it is not surprising that linking numbers play an important role 
in detecting such a difference. In the following see [12] for all details concerning 
generalized linking numbers. 

Proof of Theorem 4 For 0 7 ^ a G Hi{M) a W-skein invariant is defined, 
which is not a W’"*'-skein invariant. For each link K let lka{K) denote the 
sum of the linking numbers in Q between components with homology classes 
01,02 for which oi -|- 02 = o. For oriented closed rational homology 3-spheres 
the linking numbers in Q are classical and defined e.g. in [12]. The linking 
numbers in Q are defined by mapping the universal linking numbers (defined 
in the commutative ring TZ[M) := Z[^][xij], where k is the torsion order of 
Hi{M), 1 < i,j < m, and m is the rank of Hi{M)) into Q using a fixed 
chosen oriented embedding into a closed rational homology 3-sphere. The map 
Ika : C{M) Q extends by linearity to the free abelian group 'LC{M). The 
only property of Ika we need here is that it is changed by addition of ±1 under 
a crossing change of components with homology classes summing up to a. By 
definition it does not change under other crossing changes. 

Next let AT** G JC^{M) and let be the immersion > M containing the 

double-points. Let 01 , 02,03 G Hi{M) be three homology classes represented 
by the components of iF'*. We can assume without loss of generality that 
the component appearing at both places (**) has homology class oi. Let K = 
iL**—be the link resulting from A'** and let K'^q (respectively A'q^) denote 
the 2-component sublinks resulting by resolving the double-points. Then the 
homology classes of K'^q (respectively Kq±) are oi - 1 - 02,03 (respectively oi -|- 
03 , 02 ). The relevant linking numbers between components of AT, or between a 
component of AT with a component of ATg^. (respectively AT^^g), appear in pairs 
of opposite sign because the crossing change does not change the considered 
linking numbers and the homology classes. Now the linking number between 
the two components of (respectively A'g^) is only counted if 03 - 1 - 02 - 1-03 = 
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a. But in this case the deficiency in the linking numbers for and K'_q 
cancels the corresponding deficiency for and K'_q. Thus Ika defines a 

homomorphism on yV~^{M) (respectively W^(M)) for each r >2. 

Now let -fC** G JC^{M) and let be the 4-component sublink of components 
containing the double-points. Assume that the homology class of one of the 
components of is a 7 ^ 0 and the other homology classes are trivial. As 
above the relevant linking numbers counted in Ika are cancelling in pairs, for 
the links in the integrability relation, if a component of A = A** — A(^ is 
involved. Note that the three components of each of the links A!^q and Aq^ 
have homology classes a, 0 , 0 . Assume that a is the homology class of one of 
the two components intersecting in the first place of (**). Then the linking 
numbers of the smoothed component with any of the two other components 
in Aq^ cancel in the integrability relation because of different signs as before. 
The linking number between the two other components is not counted since 
a 7 ^ 0. Finally in the difference A(^q — A(_q the smoothed component has 
homology class 0 and the linking numbers with the component of homology class 
a in A(^g (respectively A(_q) coincide. So they cancel in the difference. The 
only remaining linking numbers counted are those between the two components 
corresponding to the first place in (**). But this precisely creates a difference 
of 1 in Ika, so Ika does not vanish on the integrability relation determined by 

. n 

Remark 15 The proof of theorem 4 shows that for r > 3 the epimorphisms 

Wr{M) W+(M) 

are not injective under the assumptions Ai(M) 7 ^ {0} and M a submanifold 
of a rational homology 3-sphere. 

Example 5 (a) Let A be a knot in M with homology class a 7 ^ 0. Then 
lka{{K^H) U A) = 1 and lka{K U A) = 0. 

(b) The assumptions of theorem 4 hold e.g. for all lens spaces 7 ^ 5^,5^ x 5*^ 
and for all link complements in rational homology 3-spheres. 

It should be possible to modify the above argument under the weaker assump¬ 
tion that M is not simply connected, by counting suitable linking numbers 
weighted by elements of Tt{M). The difficulty is that the operation of smooth¬ 
ing or loop multiplication multiplies free homotopy classes locally. A transverse 
double-point of distinct components of a given immersion dehnes lifts of the 
homotopy classes to 7 ri(M) of the two involved components. The free ho¬ 
motopy class of the smoothed component is defined by the product at this 
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double-point. It is the locality of this multiplication, which prevents that an in¬ 
variant Ika for a G 7r(M), defined analogous to Ika above, vanishes in general 
on integrability relations of type K?{M). But a modification of the count¬ 
ing of linking numbers, or an invariant counting the linking numbers weighted 
in 7r^(M) ;= 7ri(M) x 7ri(M)/s. c. , where s. c. is simultaneous conjugation 
(compare [4]), might detect the precise difference between W{M) and W'’“(M). 

It seems to be an even more difficult problem to detect a possible difference 
between W{M) and for simply connected M. The two 4-component 

extended standard links (i7(t//)U[/ and HUH are the same element in 
and probably are differently in 1^4(5^). But it is not obvious how to construct 
a suitable skein invariant detecting the difference. 

Conjecture 2 (a) The projection yVr(<S'^) ^ (5^) is an isomorphism for 

r = 3 but is not an isomorphism for r > 4. 

(b) M is simply connected if and only if W 3 {M) (M) is an isomorphism. 

(c) For M a submanifold of a rational homology sphere, a minimal generating 
set for yV(M) is defined from all extended standard links, i.e. all standard links 
Ka for a G b(M) and iterated Hopf links on standard links restricted only 
by the symmetries described in the example above. It seems to be interesting 
to consider W.(M) as a deformation of C.(M) = yV.’^(M) with deformation 
parameters measuring the different ways of taking connected sums with Hopf 
links giving rise to essentially different links in the 3-manifold. 

(d) If M 7 ^ 5^ is a Seifert-fibred 3-manifold then W{M) has torsion. 
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